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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
Theoretical and numerical validations are performed for the ABAQUS contour integral J and C(t) functions in its versions v6.11-
14 for cases with residual stresses. Test cases are specially designed to introduce various residual stress types followed by 
cracked-body fracture/creep analyses. Crack driving force parameters J and C(t) are evaluated using both the inbuilt contour 
integral functions in ABAQUS v6.14 and self-developed software. Based on the results, guidance is developed for users to obtain 
correct J and C(t) values using ABAQUS v6.11-14. 
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1. Introduction 
Crack driving force parameters, such as the J-integral for fracture and C(t) for creep crack growth, where t is 
time, evaluated using the commercial finite element (FE) code ABAQUS (see ABAQUS (2010), (2014)), are widely 
used in fracture mechanics research and the structural integrity assessment of plant components. Therefore, the 
reliability of fractur  mechan cs paramet rs evaluated from FE analyses using ABAQUS is very important. 
In the early versions of ABAQUS (v6.10 and lower (ABAQUS (2010))), the Rice J definition (Rice (1968)) with 
corrections for thermal loading was incorporated, which is path-dependent for general residual stress problems. The 
line integral given by Bassani and McClintock (1981) was incorporated for evaluating C(t). From version v6.11 and 
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above, ABAQUS has implemented a similar J definition to that given by Lei et al. (2000) with an assumption of 
proportional loading, which enables J to be evaluated for cracks located in residual stress fields. At same time, the 
C(t) function was also updated to include the effect of residual stresses (ABAQUS (2014)). However, it has been 
found that the correctness of the calculation depends on the type of residual stress and the selection of the “residual 
stress step” in the calculation, although the instructions in the User’s Manual have been followed.  
This paper describes validation work for the ABAQUS J and C(t) functions in its versions v6.11-14 (ABAQUS 
(2014)) for cases of combined residual and mechanical stresses. 2-D test cases are specially designed to introduce 
various residual stress types. For each case, a crack is then introduced into the residual stress field and mechanical 
load applied. The J-integral is evaluated using both the inbuilt J-function in ABAQUS v6.14 and self-developed 
software. Each analysis case is then continued under creep conditions and the C(t)-integral is evaluated using both 
the inbuilt C(t)-function in ABAQUS v6.14 and self-developed software. The formulations used in the J and C(t) 
functions for the correction of residual stresses are inferred from the results of numerical investigations. Based on 
the results of the test cases, problems in the definition of the J and C(t) function for residual stresses, inaccurate 
instructions in the User’s Manual and potential bugs in the software code for J and C(t) calculation in ABAQUS 
v6.11-v6.14 are identified. Guidance is developed and given in Section 2 below, based on the findings in the 
investigation, for users to follow in their J and C(t) calculation using ABAQUS v6.11-14. 
2. Guidance on J and C(t) calculation for cases with residual stresses using ABAQUS v6.11-v6.14 
For a crack tip in a residual stress field, the J-integral or C(t) may be calculated using the ABAQUS keyword 
“*contour integral, type=J or C, residual stress step=Ω” (Ω =0, 1, 2, 3,…, n), where Ω represents a step number in 
an ABAQUS analysis with an expected self-equilibrated residual stress field in the uncracked body and Ω =0 
indicates that the residual stress field is input as an initial condition. This guidance is for correctly defining the 
residual stress step number, Ω. For the selection of other parameters, users should continue to follow the instructions 
under “*contour integral” in the ABAQUS User’s Manual. Selection of the residual stress step in an analysis 
depends on the method used to simulate the residual stress field. For other methods which are not mentioned in the 
guidance below, users will need to form their own judgment. 
J calculation 
(1) For residual stresses simulated using the ABAQUS keyword “*initial conditions, type=stress”, the 
parameter “residual stress step=” should not be included in the keyword “*contour integral”, implying Ω = 
0. Note that the parameter “user” cannot be used together with the keyword “*initial conditions, 
type=stress” for the purpose of J calculation. 
(2) For residual stresses induced by plastic deformation in an ABAQUS analysis, if the step number, n, 
corresponds to the analysis step with an expected self-equilibrated residual stress field, a multi-increment 
dummy step should be added in the analysis as Step n+1 and Ω = n+1 should be used in the J calculation. 
(3) For residual stresses simulated by applying an uneven temperature distribution, the parameter “residual 
stress step=” should not be included in the keyword “*contour integral”. Note that the uneven temperature 
distribution cannot be input using the ABAQUS keyword “*initial conditions, type=temperature” for the 
purpose of J calculation. 
(4) For residual stresses obtained from a FE welding simulation, the guidance given by Lei (2015) should be 
followed. 
C(t) calculation 
(1) For residual stresses simulated using the ABAQUS keyword “*initial conditions, type=stress”, the following 
guidance should be followed. 
(i) For an elastic creep analysis, the parameter “residual stress step=Ω” should be included in the 
keyword “*contour integral” and Ω should be defined as the step number for the equilibrium step.  
(ii) For an elastic-plastic creep analysis, ABAQUS v6.10 or a lower version should be used for the purpose 
of C(t) evaluation. 
(2) For residual stresses induced by plastic deformation in an ABAQUS analysis, the parameter “residual stress 
step=” should not be included in the keyword “*contour integral”. 
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above, ABAQUS has implemented a similar J definition to that given by Lei et al. (2000) with an assumption of 
proportional loading, which enables J to be evaluated for cracks located in residual stress fields. At same time, the 
C(t) function was also updated to include the effect of residual stresses (ABAQUS (2014)). However, it has been 
found that the correctness of the calculation depends on the type of residual stress and the selection of the “residual 
stress step” in the calculation, although the instructions in the User’s Manual have been followed.  
This paper describes validation work for the ABAQUS J and C(t) functions in its versions v6.11-14 (ABAQUS 
(2014)) for cases of combined residual and mechanical stresses. 2-D test cases are specially designed to introduce 
various residual stress types. For each case, a crack is then introduced into the residual stress field and mechanical 
load applied. The J-integral is evaluated using both the inbuilt J-function in ABAQUS v6.14 and self-developed 
software. Each analysis case is then continued under creep conditions and the C(t)-integral is evaluated using both 
the inbuilt C(t)-function in ABAQUS v6.14 and self-developed software. The formulations used in the J and C(t) 
functions for the correction of residual stresses are inferred from the results of numerical investigations. Based on 
the results of the test cases, problems in the definition of the J and C(t) function for residual stresses, inaccurate 
instructions in the User’s Manual and potential bugs in the software code for J and C(t) calculation in ABAQUS 
v6.11-v6.14 are identified. Guidance is developed and given in Section 2 below, based on the findings in the 
investigation, for users to follow in their J and C(t) calculation using ABAQUS v6.11-14. 
2. Guidance on J and C(t) calculation for cases with residual stresses using ABAQUS v6.11-v6.14 
For a crack tip in a residual stress field, the J-integral or C(t) may be calculated using the ABAQUS keyword 
“*contour integral, type=J or C, residual stress step=Ω” (Ω =0, 1, 2, 3,…, n), where Ω represents a step number in 
an ABAQUS analysis with an expected self-equilibrated residual stress field in the uncracked body and Ω =0 
indicates that the residual stress field is input as an initial condition. This guidance is for correctly defining the 
residual stress step number, Ω. For the selection of other parameters, users should continue to follow the instructions 
under “*contour integral” in the ABAQUS User’s Manual. Selection of the residual stress step in an analysis 
depends on the method used to simulate the residual stress field. For other methods which are not mentioned in the 
guidance below, users will need to form their own judgment. 
J calculation 
(1) For residual stresses simulated using the ABAQUS keyword “*initial conditions, type=stress”, the 
parameter “residual stress step=” should not be included in the keyword “*contour integral”, implying Ω = 
0. Note that the parameter “user” cannot be used together with the keyword “*initial conditions, 
type=stress” for the purpose of J calculation. 
(2) For residual stresses induced by plastic deformation in an ABAQUS analysis, if the step number, n, 
corresponds to the analysis step with an expected self-equilibrated residual stress field, a multi-increment 
dummy step should be added in the analysis as Step n+1 and Ω = n+1 should be used in the J calculation. 
(3) For residual stresses simulated by applying an uneven temperature distribution, the parameter “residual 
stress step=” should not be included in the keyword “*contour integral”. Note that the uneven temperature 
distribution cannot be input using the ABAQUS keyword “*initial conditions, type=temperature” for the 
purpose of J calculation. 
(4) For residual stresses obtained from a FE welding simulation, the guidance given by Lei (2015) should be 
followed. 
C(t) calculation 
(1) For residual stresses simulated using the ABAQUS keyword “*initial conditions, type=stress”, the following 
guidance should be followed. 
(i) For an elastic creep analysis, the parameter “residual stress step=Ω” should be included in the 
keyword “*contour integral” and Ω should be defined as the step number for the equilibrium step.  
(ii) For an elastic-plastic creep analysis, ABAQUS v6.10 or a lower version should be used for the purpose 
of C(t) evaluation. 
(2) For residual stresses induced by plastic deformation in an ABAQUS analysis, the parameter “residual stress 
step=” should not be included in the keyword “*contour integral”. 
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(3) For a self-equilibrated residual stress field input by using the keyword “*map solution” from previous 
analyses, the following guidance should be followed.  
(i) For an elastic creep analysis, the parameter “residual stress step=Ω” should be included in the 
keyword “*contour integral” and Ω should be defined as the step number for the equilibrium step. 
(ii) For an elastic-plastic creep analysis, a version of v6.10 or lower should be used for the purpose of C(t) 
evaluation. 
(4) For residual stresses simulated by applying an uneven temperature distribution, the parameter “residual stress 
step=” should not be included in the keyword “*contour integral”. 
3. Theoretical investigations 
In this section, the detailed ABAQUS formulations in versions v6.11-14 for J and C(t) are inferred from the 
numerical investigation and potential problems due to the methodologies used are analysed. 
3.1. ABAQUS v6.11-14 formulation for J calculation 
In the later ABAQUS versions (v6.11-14), based on the User’s Manual in ABAQUS (2014), the J-integral, when 
body force and crack face traction are absent, is defined in 2-D, based on the assumption of proportional loading, as 
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where σij (i,j=1,2)  and ui are components of stress and displacement, respectively, in Cartesian coordinates, 0ij  and 
th
ij  represent initial and thermal strains, respectively, Γ is a curve surrounding the crack tip which begins at the 
lower face of the crack and ends at the upper one, nj is the outward unit vector normal to Γ, ds is the arc length along 
Γ (see Fig. 1), δ1j (j=1,2) is the Kronecker delta tensor, A is the area enclosed by Γ and the strain energy density, W, 
is defined as mechanical strain energy density by 
p
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where eij  and pij  are the elastic and plastic mechanical strains, respectively.  
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 Fig. 1. Contour integration path around crack tip. 
 
No details are given for how the integral in the right-hand side of Eqn. (2) is evaluated for combined residual 
stress and mechanical load. However, numerical investigations in this work (see Section 4 below) show that the 
plastic strain energy density (the second part in the right-hand side of Eqn. (2)) used in ABAQUS is actually the 
value accumulated during the full loading history but is corrected for some cases to exclude the plastic strain energy 
density accumulated in the uncracked body and can be expressed as 
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where 2eijijeW   and Wp are the elastic and plastic strain energy density, respectively, and step  stress Residualpij  
represents the plastic strains extracted at the ABAQUS analysis step defined by “residual stress step=Ω” in the 
ABAQUS “*contour integral” keyword line. 
The formula for initial strain calculation is not given in the ABAQUS User’s Manual. Numerical investigations in 
this work (see Section 4 below) show that ABAQUS calculates initial strains using the following equation based on 
the variables obtained at the Ωth step in the analysis. 
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Equation (1) is identical to the definition given by Lei et al. (2000), where the thermal strains are treated as part 
of the initial strains. The correction to the uncracked-body plastic strain energy density defined in Eqn. (3) is very 
similar to that given in Lei et al. (2000). The initial strain extraction defined by Lei et al. (2000) for the J definition 
in Eqn. (1) can be expressed as 
  step  stress Residual0 thijeijijij     (5) 
Comparing Eqns. (4) and (5), it is found that the ABAQUS v6.14 initial strain calculation is correct for a plastic 
deformation induced residual stress field defining Ω ≠ 0 and for a residual stress field due to initial stress input 
defining Ω = 0. Otherwise, the extracted initial strains are incorrect. 
For a residual stress field simulated by a self-equilibrated thermal stress field, the parameter “residual stress 
step=” should not be included in the J calculation (Ω=0), therefore, no correction is made to the uncracked-body 
plastic strain energy density, from Eqn. (3). It is also found from the numerical investigation that ABAQUS 
evaluates 1xthij   for Eqn. (1) using the nodal temperature difference, ΔT, rather than the thermal strains, thij . This 
may cause a problem in J calculation when an uneven temperature distribution is input as initial conditions because 
the ABAQUS J function does not use temperature data input in Step 0. 
3.2. ABAQUS v6.11-14 formulation for C(t) calculation 
ABAQUS does not give the C(t) definition used in the C(t) function in its User’s Manual. It is inferred from this 
investigation that in the old ABAQUS versions (ABAQUS (2010)), the 2D C(t) function may be expressed as (refer 
to Fig. 1) 
  dsn
x
uWLimtC jiijj 





 

1
1
*
0
   (6) 
where iu  are the components of displacement rate and W* is the strain energy rate density, which may be defined as 
c
ijijdW
c
ij   0*   (7) 
with cij  the components of creep strain rate. 
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(3) For a self-equilibrated residual stress field input by using the keyword “*map solution” from previous 
analyses, the following guidance should be followed.  
(i) For an elastic creep analysis, the parameter “residual stress step=Ω” should be included in the 
keyword “*contour integral” and Ω should be defined as the step number for the equilibrium step. 
(ii) For an elastic-plastic creep analysis, a version of v6.10 or lower should be used for the purpose of C(t) 
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body force and crack face traction are absent, is defined in 2-D, based on the assumption of proportional loading, as 
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where σij (i,j=1,2)  and ui are components of stress and displacement, respectively, in Cartesian coordinates, 0ij  and 
th
ij  represent initial and thermal strains, respectively, Γ is a curve surrounding the crack tip which begins at the 
lower face of the crack and ends at the upper one, nj is the outward unit vector normal to Γ, ds is the arc length along 
Γ (see Fig. 1), δ1j (j=1,2) is the Kronecker delta tensor, A is the area enclosed by Γ and the strain energy density, W, 
is defined as mechanical strain energy density by 
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where eij  and pij  are the elastic and plastic mechanical strains, respectively.  
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 Fig. 1. Contour integration path around crack tip. 
 
No details are given for how the integral in the right-hand side of Eqn. (2) is evaluated for combined residual 
stress and mechanical load. However, numerical investigations in this work (see Section 4 below) show that the 
plastic strain energy density (the second part in the right-hand side of Eqn. (2)) used in ABAQUS is actually the 
value accumulated during the full loading history but is corrected for some cases to exclude the plastic strain energy 
density accumulated in the uncracked body and can be expressed as 
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where 2eijijeW   and Wp are the elastic and plastic strain energy density, respectively, and step  stress Residualpij  
represents the plastic strains extracted at the ABAQUS analysis step defined by “residual stress step=Ω” in the 
ABAQUS “*contour integral” keyword line. 
The formula for initial strain calculation is not given in the ABAQUS User’s Manual. Numerical investigations in 
this work (see Section 4 below) show that ABAQUS calculates initial strains using the following equation based on 
the variables obtained at the Ωth step in the analysis. 
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Equation (1) is identical to the definition given by Lei et al. (2000), where the thermal strains are treated as part 
of the initial strains. The correction to the uncracked-body plastic strain energy density defined in Eqn. (3) is very 
similar to that given in Lei et al. (2000). The initial strain extraction defined by Lei et al. (2000) for the J definition 
in Eqn. (1) can be expressed as 
  step  stress Residual0 thijeijijij     (5) 
Comparing Eqns. (4) and (5), it is found that the ABAQUS v6.14 initial strain calculation is correct for a plastic 
deformation induced residual stress field defining Ω ≠ 0 and for a residual stress field due to initial stress input 
defining Ω = 0. Otherwise, the extracted initial strains are incorrect. 
For a residual stress field simulated by a self-equilibrated thermal stress field, the parameter “residual stress 
step=” should not be included in the J calculation (Ω=0), therefore, no correction is made to the uncracked-body 
plastic strain energy density, from Eqn. (3). It is also found from the numerical investigation that ABAQUS 
evaluates 1xthij   for Eqn. (1) using the nodal temperature difference, ΔT, rather than the thermal strains, thij . This 
may cause a problem in J calculation when an uneven temperature distribution is input as initial conditions because 
the ABAQUS J function does not use temperature data input in Step 0. 
3.2. ABAQUS v6.11-14 formulation for C(t) calculation 
ABAQUS does not give the C(t) definition used in the C(t) function in its User’s Manual. It is inferred from this 
investigation that in the old ABAQUS versions (ABAQUS (2010)), the 2D C(t) function may be expressed as (refer 
to Fig. 1) 
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where iu  are the components of displacement rate and W* is the strain energy rate density, which may be defined as 
c
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c
ij   0*   (7) 
with cij  the components of creep strain rate. 
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For transient creep deformation, the line integral defined in Eqn. (6) is path-dependent and the correct value 
should be obtained on the contour very close to the crack-tip. When the steady state is attained, the integral of Eqn. 
(6) becomes path-independent with C(t)→C*, where C* is a creep crack tip parameter for the steady state creep. 
Therefore, Eqns. (6) and (7) are used to evaluate both C(t) and C* in ABAQUS (2010) and ABAQUS (2014). 
Equation (6) may be converted to a domain integral developed by Moran and Shih (1987) as follows. 
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where q is an arbitrary smooth function over the area A enclosed by Γ (see Fig. 1), taking a value of unity on the 
crack tip nodes and zero on the outer contour Γ.  
In the later versions (v6.11-v6.14) of ABAQUS (2014), the User’s Manual indicates that “An additional term is 
included to account for the residual stress field when calculating the C(t) integral”, but no details are given for the 
“additional term”. From the numerical investigation of this work (see Section 4 below), the formula in the ABAQUS 
v6.11-v6.14 C(t) function may be expressed as 
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and 0
ij  is defined in Eqn. (4). The “additional term” is the second integral in the right-hand side of Eqn. (9). 
Examining Eqn. (9), the “additional term” is actually a correction term for the J-integral. The first part of the 
integral in the “additional term” is a correction to the plastic strain energy density accumulated up to the step 
defined by the parameter “residual stress step=” in the keyword “*contour integral” line. This is a wrong correction 
because the strain energy rate density is used in the C(t) calculation rather than the strain energy density. The second 
part of the integral in the “additional term” is a correction to the initial strains in the form of a product of stress and 
initial strain gradient. For the definition of C(t) (Eqn. (6)), the initial strain rate gradient is relevant should the initial 
strain effect be included. However, initial strains do not change with time in the creep analysis and, therefore, the 
initial strain rate should always be zero. In conclusion, the “additional term” which is added to the C(t) calculation 
in the ABAQUS v6.11-14 is not necessary and is incorrect. The instructions given in Section 2 are to avoid the 
“additional term” being included in the C(t) calculation. 
4. Numerical validation 
Test cases are designed to simulate some residual stress types mentioned in Section 2 and cracked body fracture 
mechanics analyses are carried out. The results from these cases have been used to infer the formulations used in the 
ABAQUS v6.11-14 J and C(t) functions shown in Section 3 and validate the instructions given in Section 2. 
4.1. Software development (MYJSIMU for J and MYCSIMU for C(t)) 
Software was developed as a post-processing program for ABAQUS to simulate the ABAQUS v6.11-14 J 
function (named MYJSIMU) and C(t) function (named MYCSIMU) for 2-D crack problems. These self-developed 
programs have been used to infer the key formulations inbuilt in the ABAQUS v6.11-14 J and C(t) functions and 
validate the guidance given in Section 2. 
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4.2. Specimen, mesh and material properties 
A notched beam is used as a basic FE model. Various methods are used to introduce residual stresses into the 
uncracked bodies and a crack is then introduced into the residual field. Mechanical load is then applied to the 
cracked bodies to simulate cases under combined residual stress and mechanical loading. Creep analysis, when 
required, then follows. 
The geometry and dimensions of the notched beam are shown in Fig. 2. The beam is modelled by the ABAQUS 
CPE4R element type. Only half of the beam is modelled (Fig. 3) due to symmetry and appropriate boundary 
conditions are applied along the symmetry plane in the analyses. A crack of length a along the symmetry plane, 
originated from the root of the notch (see Fig. 2), is introduced when required at a designated step in the analyses. 
The crack is simulated by changing the boundary conditions at the symmetry plane. 
 
  
 
P1 P1 
P2 
R 
a 
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w 
 Fig. 2. Geometry of specimen: a notched beam and loads (w= 50.8 mm, 2S= 203.3 mm, R = 12.7 mm, a = 2.54 mm) 
 
  
Crack tip 
 Fig. 3. Mesh used in FE analysis. 
 
The J-integral or C(t) is evaluated on 15 domains surrounding the crack tip for all the cases considered in this 
work. The distance from the 15th domain to the crack tip is about 0.92a. A fine square element mesh is used in the 
crack tip area and the square element sizes are 0.1270.127 mm. 
The material properties used in the FE analyses are Young’s modulus E=206850 MPa, Poisson’s ratio ν=0.3, 
thermal expansion coefficient α=3.85610-5 mm/(mmC) and the stress-plastic strain data are listed in Table 1. For 
all analyses, small strain conditions are applied. The Norton law ( nc D  , where c and   are creep strain rate 
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For transient creep deformation, the line integral defined in Eqn. (6) is path-dependent and the correct value 
should be obtained on the contour very close to the crack-tip. When the steady state is attained, the integral of Eqn. 
(6) becomes path-independent with C(t)→C*, where C* is a creep crack tip parameter for the steady state creep. 
Therefore, Eqns. (6) and (7) are used to evaluate both C(t) and C* in ABAQUS (2010) and ABAQUS (2014). 
Equation (6) may be converted to a domain integral developed by Moran and Shih (1987) as follows. 
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where q is an arbitrary smooth function over the area A enclosed by Γ (see Fig. 1), taking a value of unity on the 
crack tip nodes and zero on the outer contour Γ.  
In the later versions (v6.11-v6.14) of ABAQUS (2014), the User’s Manual indicates that “An additional term is 
included to account for the residual stress field when calculating the C(t) integral”, but no details are given for the 
“additional term”. From the numerical investigation of this work (see Section 4 below), the formula in the ABAQUS 
v6.11-v6.14 C(t) function may be expressed as 
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and 0
ij  is defined in Eqn. (4). The “additional term” is the second integral in the right-hand side of Eqn. (9). 
Examining Eqn. (9), the “additional term” is actually a correction term for the J-integral. The first part of the 
integral in the “additional term” is a correction to the plastic strain energy density accumulated up to the step 
defined by the parameter “residual stress step=” in the keyword “*contour integral” line. This is a wrong correction 
because the strain energy rate density is used in the C(t) calculation rather than the strain energy density. The second 
part of the integral in the “additional term” is a correction to the initial strains in the form of a product of stress and 
initial strain gradient. For the definition of C(t) (Eqn. (6)), the initial strain rate gradient is relevant should the initial 
strain effect be included. However, initial strains do not change with time in the creep analysis and, therefore, the 
initial strain rate should always be zero. In conclusion, the “additional term” which is added to the C(t) calculation 
in the ABAQUS v6.11-14 is not necessary and is incorrect. The instructions given in Section 2 are to avoid the 
“additional term” being included in the C(t) calculation. 
4. Numerical validation 
Test cases are designed to simulate some residual stress types mentioned in Section 2 and cracked body fracture 
mechanics analyses are carried out. The results from these cases have been used to infer the formulations used in the 
ABAQUS v6.11-14 J and C(t) functions shown in Section 3 and validate the instructions given in Section 2. 
4.1. Software development (MYJSIMU for J and MYCSIMU for C(t)) 
Software was developed as a post-processing program for ABAQUS to simulate the ABAQUS v6.11-14 J 
function (named MYJSIMU) and C(t) function (named MYCSIMU) for 2-D crack problems. These self-developed 
programs have been used to infer the key formulations inbuilt in the ABAQUS v6.11-14 J and C(t) functions and 
validate the guidance given in Section 2. 
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4.2. Specimen, mesh and material properties 
A notched beam is used as a basic FE model. Various methods are used to introduce residual stresses into the 
uncracked bodies and a crack is then introduced into the residual field. Mechanical load is then applied to the 
cracked bodies to simulate cases under combined residual stress and mechanical loading. Creep analysis, when 
required, then follows. 
The geometry and dimensions of the notched beam are shown in Fig. 2. The beam is modelled by the ABAQUS 
CPE4R element type. Only half of the beam is modelled (Fig. 3) due to symmetry and appropriate boundary 
conditions are applied along the symmetry plane in the analyses. A crack of length a along the symmetry plane, 
originated from the root of the notch (see Fig. 2), is introduced when required at a designated step in the analyses. 
The crack is simulated by changing the boundary conditions at the symmetry plane. 
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The J-integral or C(t) is evaluated on 15 domains surrounding the crack tip for all the cases considered in this 
work. The distance from the 15th domain to the crack tip is about 0.92a. A fine square element mesh is used in the 
crack tip area and the square element sizes are 0.1270.127 mm. 
The material properties used in the FE analyses are Young’s modulus E=206850 MPa, Poisson’s ratio ν=0.3, 
thermal expansion coefficient α=3.85610-5 mm/(mmC) and the stress-plastic strain data are listed in Table 1. For 
all analyses, small strain conditions are applied. The Norton law ( nc D  , where c and   are creep strain rate 
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and stress, respectively, and n and D are material constants) is used in the creep analysis with n=5 and D=1.0×10-16 
(MPa-nh-1). 
Table 1 Stress-plastic strain data used in the FE analyses 
Stress (MPa) 449.25 450.47 454.94 473.82 492.98 508.22 537.52 558.82 591.12 868.77 
Plastic strain 0 0.00495 0.01480 0.02456 0.03422 0.04379 0.06732 0.09031 0.13476 0.71860 
 
4.3. Test cases for J calculation 
For each case, the J-integral is evaluated using ABAQUS v6.14 and MYJSIMU. The Rice J is also evaluated 
using the old ABAQUS version (v6.9) for all the cases for comparison. 
4.3.1. Residual stresses due to plastic deformation (Case-1) 
For cases in Case-1, the residual stress field is introduced into the FE model for the notched beam made of an 
elastic-plastic material by applying mechanical loads to create a plastic zone in the near notch root region and then 
releasing the mechanical load. 
Case-1-1 
Step 1: Apply compressive load P1 (Fig. 2) to the uncracked notched beam (the load is high enough to cause 
plastic deformation in the notch root area). Step 2: Release applied load P1 to introduce residual stresses. Step 3: 
Open the crack by changing the boundary conditions (simultaneously releasing the tied nodes). J for residual stress 
only is calculated using Ω = 2. Step 4: Change boundary conditions and apply mechanical load P2 (Fig.2, three-point 
bending). J for combined residual stress and mechanical load is calculated using Ω = 2. 
Case-1-2 
Steps 1-2: Same as Steps 1-2 in Case-1-1. Step 3: A multi-increment dummy step. Steps 4-5: Same as Steps 3-4 
in Case-1-1 but J is calculated using Ω = 3. 
4.3.2. Residual stresses created using initial conditions (Case-2) 
For Case-2, the residual stress field at the end of Step 2 of Case-1-1 is input into a stress-free uncracked notched 
beam using the ABAQUS keyword “*initial conditions, type=stress”. 
Case-2-1 
Step 0: Residual stress field of Step 2 of Case-1-1 is input into a stress-free model using the parameter “file 
=Case-1-1.odb, step=2, inc=”. Step 1: A static step to reach stress equilibrium conditions. Step 2: Open the crack by 
simultaneously releasing the tied nodes. J for residual stress only is calculated without the parameter “residual stress 
step =”. Step 3: Change boundary conditions and apply mechanical load P2. J for combined residual stress and 
mechanical load is calculated without the parameter “residual stress step =”. 
Case-2-2 
Steps 0-1: Same as Steps 0-1 in Case-2-1. Step 2: Open the crack by simultaneously releasing the tied nodes. J 
for residual stress only is calculated with the parameter Ω = 1 (this refers to the step with a self-equilibrated residual 
stress field). Step 3: Change boundary conditions and apply mechanical load P2. J for combined residual stress and 
mechanical load is calculated with Ω = 1. 
Case-2-3 
Step 0: Residual stress field of Step 2 of Case-1-1 is input into a stress-free model using option “user” (residual 
stress components at integration points in Case-1-1 are output to a file and then are input in this case by a user 
subroutine). Steps 1-3: Same as Steps 1-3 in Case-2-1. 
4.4. Test cases for C(t) calculation 
For each test case given in Section 4.3, an extra step can be added to the last step to perform a creep analysis and 
C(t) can be calculated using ABAQUS v6.14 or v6.10 and MYCSIMU. The parameter “residual stress step =” may 
be included/excluded and Ω may be specifically defined (if the parameter “residual stress step =” is included) to 
simulate the cases including/excluding the “additional term”. 
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5. Discussion 
5.1. Validation of the ABAQUS v6.11-14 J function 
The FE J results for residual stress only from Case-1 are plotted in Fig. 4(a). For the two cases in Case-1, at the 
end of Step 2, a self-equilibrated residual stress field exists in the notched beam and this step number should be used 
to define the parameter “residual stress, step=” in the J calculation, following the ABAQUS v6.11-14 instructions. 
However, the results obtained are very difficult to explain. From Fig. 4(a), the Rice J values are strongly path-
dependent and the results from MYJSIMU show good path-independency. The results of Case-1-1 obtained from 
ABAQUS v6.14 are path-dependent but are different from the Rice J values. However, the results of ABAQUS 
v6.14 from Case-1-2, where the parameter “residual stress, step=3” is used, are now path-independent and exactly 
the same as those evaluated using MYJSIMU. The reason for this phenomenon is unclear. At this stage, users are 
recommended to add a multi-increment dummy step to the step with a self-equilibrated residual stress field when the 
J-integral needs to be evaluated in the analysis and to define the parameter “residual stress step=” using the dummy 
step number. The FE J results for residual stress only from Case-2 are plotted in Fig. 4(b). For the three cases, the 
residual stress field is defined by the keyword “*initial conditions, type=stress” and a fully balanced residual stress 
field is available at the end of Step 1. For Case-2-1 and Case-2-2, following the ABAQUS v6.14 instructions, Step 1 
may normally be used to define the parameter “residual stress step=”. However, the results of Case-2-2 evaluated 
using ABAQUS v6.14 by referring to Step 1 as the residual stress step are path-dependent. The reason is that the 
initial strains extracted in ABAQUS v6.11-14 based on Eqn. (4) are incorrect, as discussed in Section 3.1. In this 
case, Step 0 must be selected as the residual stress step (parameter “residual stress, step=” is set to zero or is 
excluded) in order to obtain path-independent results. 
 
 
-10
-8
-6
-4
-2
0
2
4
6
8
10
0 5 10 15
Domain number
J (
N/
mm
)
Rice J
ABAQUS v6.14 (Case-1-1, residual stress step=2)
MYJSIMU (residual stress step=2)
ABAQUS v6.14 (Case-1-2, residual stress step=3)
(a) 
0
2
4
6
8
10
0 5 10 15Domain number
J (
N/m
m)
Rice J
ABAQUS v6.14 (Case-2-1, residual stress step=0)
MYJSIMU (Case-2-1 & Case-2-3, residual stress step=0)
ABAQUS v6.14 (Case-2-2, residual stress step=1)
ABAQUS v6.14 (Case-2-3, residual stress step=0)
(b) 
  
Fig. 4. Comparison of J values calculated using various metods (residual stresses only). (a) Results for Case-1; (b) Results for Case-2. 
 
In Case-2-3, the parameter “user” is used together with the keyword “*initial conditions, type=stress” and the 
residual stress components are input via the ABAQUS user subroutine SIGINI. The J values obtained from 
ABAQUS v6.14 with the parameter “residual stress step=0” are exactly the same as the Rice J values (Fig. 4 (b)). 
This indicates that the initial strain correction in ABAQUS v6.14 has been ignored although Step 0 has been referred 
to in defining the residual stress step. The reason for this phenomenon is also unclear. It could be due to bugs in the 
code. At this stage, users should avoid using the user subroutine SIGINI to input residual stresses when the J-
integral needs to be evaluated in the analysis. 
The trends for combined residual stress and mechanical load are the same as those for residual stress only. 
5.2. Validation of the ABAQUS v6.11-14 C(t) function 
The numerical results from the test cases described in Section 4 show how the “additional term” may affect the 
time dependent C(t) and the steady-state parameter *C . The test results show that the level of effect of the 
“additional term” depends on the residual stress type and the material behaviour (elastic or elastic-plastic creep) 
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and stress, respectively, and n and D are material constants) is used in the creep analysis with n=5 and D=1.0×10-16 
(MPa-nh-1). 
Table 1 Stress-plastic strain data used in the FE analyses 
Stress (MPa) 449.25 450.47 454.94 473.82 492.98 508.22 537.52 558.82 591.12 868.77 
Plastic strain 0 0.00495 0.01480 0.02456 0.03422 0.04379 0.06732 0.09031 0.13476 0.71860 
 
4.3. Test cases for J calculation 
For each case, the J-integral is evaluated using ABAQUS v6.14 and MYJSIMU. The Rice J is also evaluated 
using the old ABAQUS version (v6.9) for all the cases for comparison. 
4.3.1. Residual stresses due to plastic deformation (Case-1) 
For cases in Case-1, the residual stress field is introduced into the FE model for the notched beam made of an 
elastic-plastic material by applying mechanical loads to create a plastic zone in the near notch root region and then 
releasing the mechanical load. 
Case-1-1 
Step 1: Apply compressive load P1 (Fig. 2) to the uncracked notched beam (the load is high enough to cause 
plastic deformation in the notch root area). Step 2: Release applied load P1 to introduce residual stresses. Step 3: 
Open the crack by changing the boundary conditions (simultaneously releasing the tied nodes). J for residual stress 
only is calculated using Ω = 2. Step 4: Change boundary conditions and apply mechanical load P2 (Fig.2, three-point 
bending). J for combined residual stress and mechanical load is calculated using Ω = 2. 
Case-1-2 
Steps 1-2: Same as Steps 1-2 in Case-1-1. Step 3: A multi-increment dummy step. Steps 4-5: Same as Steps 3-4 
in Case-1-1 but J is calculated using Ω = 3. 
4.3.2. Residual stresses created using initial conditions (Case-2) 
For Case-2, the residual stress field at the end of Step 2 of Case-1-1 is input into a stress-free uncracked notched 
beam using the ABAQUS keyword “*initial conditions, type=stress”. 
Case-2-1 
Step 0: Residual stress field of Step 2 of Case-1-1 is input into a stress-free model using the parameter “file 
=Case-1-1.odb, step=2, inc=”. Step 1: A static step to reach stress equilibrium conditions. Step 2: Open the crack by 
simultaneously releasing the tied nodes. J for residual stress only is calculated without the parameter “residual stress 
step =”. Step 3: Change boundary conditions and apply mechanical load P2. J for combined residual stress and 
mechanical load is calculated without the parameter “residual stress step =”. 
Case-2-2 
Steps 0-1: Same as Steps 0-1 in Case-2-1. Step 2: Open the crack by simultaneously releasing the tied nodes. J 
for residual stress only is calculated with the parameter Ω = 1 (this refers to the step with a self-equilibrated residual 
stress field). Step 3: Change boundary conditions and apply mechanical load P2. J for combined residual stress and 
mechanical load is calculated with Ω = 1. 
Case-2-3 
Step 0: Residual stress field of Step 2 of Case-1-1 is input into a stress-free model using option “user” (residual 
stress components at integration points in Case-1-1 are output to a file and then are input in this case by a user 
subroutine). Steps 1-3: Same as Steps 1-3 in Case-2-1. 
4.4. Test cases for C(t) calculation 
For each test case given in Section 4.3, an extra step can be added to the last step to perform a creep analysis and 
C(t) can be calculated using ABAQUS v6.14 or v6.10 and MYCSIMU. The parameter “residual stress step =” may 
be included/excluded and Ω may be specifically defined (if the parameter “residual stress step =” is included) to 
simulate the cases including/excluding the “additional term”. 
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5. Discussion 
5.1. Validation of the ABAQUS v6.11-14 J function 
The FE J results for residual stress only from Case-1 are plotted in Fig. 4(a). For the two cases in Case-1, at the 
end of Step 2, a self-equilibrated residual stress field exists in the notched beam and this step number should be used 
to define the parameter “residual stress, step=” in the J calculation, following the ABAQUS v6.11-14 instructions. 
However, the results obtained are very difficult to explain. From Fig. 4(a), the Rice J values are strongly path-
dependent and the results from MYJSIMU show good path-independency. The results of Case-1-1 obtained from 
ABAQUS v6.14 are path-dependent but are different from the Rice J values. However, the results of ABAQUS 
v6.14 from Case-1-2, where the parameter “residual stress, step=3” is used, are now path-independent and exactly 
the same as those evaluated using MYJSIMU. The reason for this phenomenon is unclear. At this stage, users are 
recommended to add a multi-increment dummy step to the step with a self-equilibrated residual stress field when the 
J-integral needs to be evaluated in the analysis and to define the parameter “residual stress step=” using the dummy 
step number. The FE J results for residual stress only from Case-2 are plotted in Fig. 4(b). For the three cases, the 
residual stress field is defined by the keyword “*initial conditions, type=stress” and a fully balanced residual stress 
field is available at the end of Step 1. For Case-2-1 and Case-2-2, following the ABAQUS v6.14 instructions, Step 1 
may normally be used to define the parameter “residual stress step=”. However, the results of Case-2-2 evaluated 
using ABAQUS v6.14 by referring to Step 1 as the residual stress step are path-dependent. The reason is that the 
initial strains extracted in ABAQUS v6.11-14 based on Eqn. (4) are incorrect, as discussed in Section 3.1. In this 
case, Step 0 must be selected as the residual stress step (parameter “residual stress, step=” is set to zero or is 
excluded) in order to obtain path-independent results. 
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Fig. 4. Comparison of J values calculated using various metods (residual stresses only). (a) Results for Case-1; (b) Results for Case-2. 
 
In Case-2-3, the parameter “user” is used together with the keyword “*initial conditions, type=stress” and the 
residual stress components are input via the ABAQUS user subroutine SIGINI. The J values obtained from 
ABAQUS v6.14 with the parameter “residual stress step=0” are exactly the same as the Rice J values (Fig. 4 (b)). 
This indicates that the initial strain correction in ABAQUS v6.14 has been ignored although Step 0 has been referred 
to in defining the residual stress step. The reason for this phenomenon is also unclear. It could be due to bugs in the 
code. At this stage, users should avoid using the user subroutine SIGINI to input residual stresses when the J-
integral needs to be evaluated in the analysis. 
The trends for combined residual stress and mechanical load are the same as those for residual stress only. 
5.2. Validation of the ABAQUS v6.11-14 C(t) function 
The numerical results from the test cases described in Section 4 show how the “additional term” may affect the 
time dependent C(t) and the steady-state parameter *C . The test results show that the level of effect of the 
“additional term” depends on the residual stress type and the material behaviour (elastic or elastic-plastic creep) 
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during creep deformation. For a residual stress field due to plastic deformation plus a mechanical load under elastic-
plastic creeping, Case-1-1, C(t) values obtained using ABAQUS v6.9 and v6.14 including the “additional term” are 
plotted in Fig.5 for selected times. From Fig. 5, the effect of the “additional term” is significant, but in a very short 
time at the beginning of creep (Fig. 5(a)), the C(t) values obtained from the two versions on the near crack tip 
domains are very close to each other. This is because the “additional term” is an area integral and its effect on C(t) 
should vanish when the domain shrinks to the crack tip. However, with increasing time, the effect of the “additional 
term” becomes significant even in the near crack tip region. When the steady state is attained (Fig. 5(b)), the C(t) 
values obtained from v.6.14 do not show steady-state creep behaviour and it is almost impossible to obtain *C  from 
such FE data. For the residual stress field created using the keyword “*initial conditions, type=stress” plus a 
mechanical load under elastic-plastic creep, Case-2-1 or Case-2-2, the trends are the same as those seen in Case-1-1 
and similar conclusions can be obtained, although the absolute C(t) values may be different for the two cases. 
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 Fig. 5. Comparison of C(t) values for Case-1-1 calculated using various methods (combined residual stress and mechanical load).  
(a) Time = 1.028 hours; (b) Time = 1000 hours. 
 
6. Conclusion 
In this paper, theoretical and numerical investigations are carried out to validate the J and C(t) functions in 
ABAQUS v6.11-14 for the treatment of residual stresses. Based on the findings, guidance for correctly using 
ABAQUS v6.11-14 to evaluate J and C(t) values for cases involving residual stresses is developed and detailed in 
Section 2. 
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